This paper extends the Alternative to Morse-Novikov Theory we have proposed in [1] from real-and angle-valued map to closed 1-forms. For a topological closed 1-form ω on a compact ANR X, a concept generalizing closed differential 1-form on a compact manifold, under the mild hypothesis of tameness, a field κ and a non negative integer r we propose two configurations δ ω r : R → Z ≥0 and γ ω r : R >0 → Z ≥0 which recover Novikov-Betti numbers and the Novikov complex associated with a Morse closed 1-form with non-degenerated zeros. Precisely, the sum of the multiplicities of the points in the support of δ ω r equals the r−th Novikov-Betti number, and that of the points in the support of γ ω r equals the rank of the boundary map in the Novikov complex. We formulate the basic properties of these configurations, the stability and the Poincare duality when X is a κ−orientable closed topological manifold which in full generality will be proven in the second part of this work.
Introduction
In this paper we extend the configurations δ f r and γ f r , previously defined in [3] for a tame real-or anglevalued maps f, to a tame topological closed 1-forms ω (cf. section 2 for definition). As a consequence we extend our Alternative to Morse-Novikov Theory (cf. [1] ) to topological closed 1-form on a compact ANR.The concept topological closed 1-form, abbreviated TC1-form, is a substantial generalization of closed differential 1-form on a smooth manifold. As in the case of real-or angle-valued maps (which corresponds to the case of closed 1-form of degree of irrationality zero or one) we will analyze the real-valued map f ω :X → R, a lift of ω, defined on the total space of the associated principal Γ = Z k −covering π :X → X associated to the cohomology class [ω] ∈ H 1 (X; R) with k is the degree of irrationality of ω.
It might appear that this should be a routine extension of the case k = 1 but this is not quite so because:
1. the map f ω is never proper when degree of irrationality k is greater than 1, so the homology vector spaces of the levels sets are not of finite dimension in general, 2. the set of critical values of f ω is not discrete when k > 1 but the opposite, always dense if not empty; the approach of Zig-Zag persistence based on graph representations, cf. [2] , is apparently not applicable.
The tameness of ω, which means of the lift f of omega, as described in section 2 and the fact that the group Γ− defined by the form ω appears as a subgroup of R make the approach described in sections 6 and 7 of [1] 1 applicable. Ultimately this leads to the finite configuration δ ω r and γ ω r of points in R and R + rather than in C or C \ 0. These configurations refine and implicitly recover the Novikov complex (associated to a Morse closed differential 1-form) up to isomorphism. To prove our result we consider in section 4 an apparently new definition of Novikov-Betti numbers based on the lifts of ω and verify in section 5.2 that is the same as the standard ones (cf. [7] for definitions). We are unaware if it already exists in literature.
For the configurations δ ω r and γ ω r one can prove a stability property and a Poincaré duality property similar to Theorems 1.3 and 1.5 in [3] and, in view of the stability property of the assignment ω γ ω r (cf. Theorem 1.3), show that the configurations δ ω r can be actually defined for any TC1-form, not necessary tame. It also can be refined in the spirit of [5] and [6] to an assignment with values κ[Γ]−modules but we are not interested in this aspect nor in its implications at this time.
The main results about the configurations δ ω r and γ ω r are stated in Theorems 1.1 Theorems 1.2 and 1.3. In this paper (part I) only Theorem 1.1 is proven, the other two will be established in full generality in part II of this work.
To formulate them, for a fixed field κ, X a compact ANR, ξ ∈ H 1 (X; R), denote by β N r (X; ξ) the r−th Novikov-Betti number, r = 0, 1, 2, · · · and by Z 1 (X; ξ) the set of topological closed 1-form on X (cf. Since a chain complex of finite dimensional vector spaces up to a non canonical isomorphism is completely determined by the dimensions of its homology vector spaces and the dimensions of its components Item 2. explains to what extent the configurations δ ω r and γ ω r provide together a refinement of the Novikov 1 initiated in [3] complex when considered over the Novikov field. Note that the formula in Item 2. implicitly gives the rank of d r : C r → C r−1 , the boundary map in the Novikov complex. Precisely
If ω is a tame topological closed 1-form on X (cf. section 2 for definition) then
The tameness of a TC1-form should be regarded as a considerable weakening of the hypothesis " all zeros of ω are of Morse type" in order to still make possible the construction of a Novikov complex.
Theorem 1.2
Suppose M is a closed topological manifold and ω ∈ Z 1 t (X; ξ),
Let Z 1 t (X; ξ) ⊂ Z 1 (X; ξ) denote the space of tame topological closed 1-forms with the topology induced from the compact open topology on Z(X; ξ), defined in Section 2. The topology on Conf β N r (X:ξ) (R) is the collision topology and on
is the bottleneck topology described in subsection (3.1).
is continuous and extends to a continuous assignment on the entire Z 1 (X; ξ).
The assignment
To understand the relations between this paper and the previous works, [2] , [3] and [1] , the following observations are useful:
1. When X is connected, a topological closed 1-form ω can be represented by a real valued map f : X → R, called lift of ω,X the total space of the principal covering associated to ω. This lift is determined up to an additive constant, cf. section (2) ( i.e. f 1 and f 2 lifts of the form ω implies f 1 = f 2 + t, t ∈ R). The configurations δ ω r and γ ω r are derived from the configurations δ f r resp. γ f r which have as supports points (a, b) ∈ R 2 resp. R 2 + = {(x, y) | x < y} with a, b critical values of f. Since the support of δ f +t resp. γ f +t is the diagonal t−translate of the support δ f resp., γ f , in order to get "independence on the representative f " one passes to the quotient spaces R 2 /R = R resp. R 2 + /R = R + , where the quotient is taken w.r. to the action µ(t, (a, b)) = (a + t, b + t). The support of δ ω r and γ ω r is the image by p : 3. An interesting example of a tame closed topological 1-form is provided by a simplicial 1-cocycle on a finite simplicial complex. An algorithm to derive the bar codes (i.e. points in the support of δ ω and γ ω with their multiplicity is desirable. This is possible and will the topic of subsequent work.
An alternative treatment of Floer-Novikov theory via persistent homology was proposed in [8] . This work has challenged us to extend [1] from angle-valued maps to closed one forms.
2 Topological closed 1-forms and tameness
Topological closed 1-form
A topological closed 1-form, abbreviated TC1-form, extends the concept of closed differential 1-form on a smooth manifold M to an arbitrary topological space X. One way to obtain this is to view it as an equivalence class of multivalued maps (first definition), an other way is to view it as an equivalence class of equivariant maps on the associated principal Z k −covering (second definition).
First definition
2. Two multi-valued maps are equivalent if together remain a multi-valued map.
Definition 2.1 A TC1-form is an equivalence class of multi-valued maps.
A TC1-form ω determines a cohomology class ξ(ω) ∈ H 1 (X; R). It suffices to show that a representative {U α , f α : U α → R} of ω defines for any continuous path γ : [a, b] → X the number γ ω ∈ R, independent on the homotopy class rel. boundary of γ and additive w.r. to juxtaposition of paths. One denotes by Z 1 (X) the set of all TC1-forms and by Z 1 (X; ξ) := {ω ∈ Z 1 (X) | ξ(ω) = ξ}. Clearly Z 1 (X) is an R− vector space and Z 1 (X) = ⊔ ξ∈H 1 (X;R) Z 1 (X; ξ).
In view of this definition, for any X compact ANR one can find open covers of X, {U α , α ∈ A} with the properties that A is a finite set and U α is compact, connected and simply-connected. Such cover is called good cover. A choice x α ∈ U α makes ω uniquely represented by a multivalued map {f ω α : U α → R} with f ω α (x α ) = 0. One calls the system U := {U α , x α , α ∈ A} with {U α , α ∈ A} a good cover base-pointed good cover of X.
The choice of a base pointed good cover U defines for the vector space Z 1 (X) a complete norm,
and then a distance in Z 1 (X) and implicitly in Z 1 (X; ξ),
Different base-pointed good covers lead to equivalent norms. The induced topology on Z 1 (X) is referred to as the compact open topology. The subsets Z 1 (X; ξ) are the connected components of Z 1 (X).
Examples:
Indeed, in view of Poincaré Lemma, for any x ∈ M one chooses an open neighborhood U x ∋ x and f x : U x → R a smooth map s.t. ω x | Ux = df x . The system {U x , f x : U x → R} provides a representative of a TC1-form.
2. A simplicial 1-cocycle on the simplicial complex X defines a TC1-form.
If X is a simplicial complex, X 0 the collection of vertices and S ⊂ X 0 × X 0 the collection of pairs (x, y) ∈ X 0 s.t. x, y are boundaries of a 1−simplex then a simplicial 1-cocycle is a map δ : S → R with the properties δ(x, y) = −δ(y, x) and for any three vertices x, y, z with (x, y), (y, z), (x, z) ∈ S one has δ(x, y) + δ(y, z) + δ(z, x) = 0. The collection of open sets U x , U x the open star of the vertex x ∈ X 0 , and the maps f x : U x → R, the linear extensions to open simplexes of U x of the map defined on the vertices in U x by f x (y) = δ(x, y) and f x (x) = 0 provides a representative of a TC1-form.
Second definition.
Let ξ ∈ H 1 (X; R) = Hom(H 1 (X; Z), R) and Γ = Γ(ξ) := img(ξ) ⊂ R. If X is a compact ANR then Γ ≃ Z k with k called the degree of irrationality of ξ. The surjective homomorphism ξ : H 1 (X; Z) → Γ defines the associated Γ−principal covering, π :X → X, i.e. a free action µ : Γ ×X →X with π the quotient mapX →X/Γ = X. This principal covering is unique up to isomorphism. When X is connected so isX.
A continuous map f : 
Denote by Z 1 (X; ξ) the set of TC1-forms in the cohomology class ξ. In view of this definition the choice of the base pointx inX (actually one in each connected component ifX is not connected) provides
which in view of the compacity of X and of the Γ−equivariance of the lifts is a complete metric. It is not hard to see that different choices of the base pointx lead to equivalent distances and therefore to the same induced topology with the same collection of Cauchy sequences.
It is not hard to show that the two definitions of Z 1 (X) viewed as vector spaces equipped with complete metrics are equivalent. To see this one chooses a good cover {U α , α ∈ A} of X.
Indeed, a multivalued map {f α U α → R} representing ω (cf. the first definition) can be modified to an equivalent multivalued map {f ′ α : U α → R} by adding appropriate constants on each open set U α so that f ′ α · π α : π −1 (U α ) → R defines a Γ−equivariant map onX, hence a representative of a TC1-form (cf. the second definition) in the same cohomology class.
Conversely, a Γ−equivariant map representing ω (in the second definition) and a collection of continuous section s α :
It is not hard to check that the identifications above make the distances defined by different choices of base points in U α andX equivalent and consequently with the same Cauchy sequences.
Weakly tame and tame real-valued maps and topological closed 1-form
Fix a field κ. The homology considered is always with coefficients in the fixed field κ, (omitted from the notation) hence a κ−vector space. For a continuous map f : X → R denote by :
The value a ∈ R is called regular (w.r. to κ ) if for any r R 1. for any closed interval I ∈ R the subspace f −1 (I) is an ANR, in particular X is an ANR.
for any a ∈ R and any
r, R f a (r) + R a f (r) < ∞.
the set CR(f ) is countable.
Let ω be a TC1-form on a connected space X and f :X → R be a lift of ω. The sets CR r (f ) and CR(f ) are Γ−invariant with respect to the action of Γ on R by translation (recall Γ ⊂ R) and the action is free. The set of orbits CR r (f )/Γ or CR(f )/Γ will be denoted by O r (f ) or O(f ). If f 1 and f 2 are two lifts then f 2 = f 1 + t. The translation by t provides a canonical bijective map
This definition frees the concept of orbit of critical values from the lift f.
Definition 2.4

A TC1-form ω is weakly tame if one lift f and then any other is weakly tame.
A TC1-form ω is tame if is weakly tame and the set O(ω) is finite.
When X is not connected ω is weakly tame resp. tame if its restriction to each component is weakly tame resp. tame.
Examples of tame TC1-forms 1. A locally polynomial 2 closed differential 1-form on a closed smooth manifold with all zeros isolated is tame.
2. A generic simplicial 1-cocycle on a finite simplicial complex defines a TC1-form which is tame. Here generic means that the 1-cocycle takes nonzero values on all 1-simplexes 3 .
We check case 1. for closed manifolds. The arguments provided remain true when the manifold is compact and the restriction of ω to the boundary has no zeros.
Let π :M → M be the associated Γ−principal covering, f :M → R a lift of ω, X the set of zeros of ω andX = π −1 (X ) the set of critical points of f. LetX t :=X ∩ f −1 (t).
Observe that Γ acts freely on the setX and the set of orbits of this action is in bijective correspondence to the set X , hence is finite. Observe also that the restriction of π toX t is injective.
If t ∈ R is a regular value then f −1 (t) is a codimension one smooth submanifold and if t is a critical value then f −1 (t) is a codimension one submanifold with finitely many conic singularities, as many as the cardinality ofX t .
In both cases, t regular or critical value, f −1 (t) is a closed subset which is an ANR and then so is f −1 (I) for any closed interval I. This verifies requirement (1) in Definition 2.3.
Note that if t is a regular valueM t is a manifold with boundary with interiorM <t hence H r (M t ,M <t ) = 0. If t is a critical value thenM t \X t is a manifold with boundary with interiorM <t , hence
where D is a disjoint union of closed small discs embedded inM , whose interior is a neighborhood ofX t . The hypothesis "local polynomial" permits to choose such small discs that makes D t and S t = (∂D) ∩M t compact ANRs and D t \X t retracts by deformation to
is a vector space of finite dimension. This verifies the finite dimensionality of H r (M t ,M <t ). The same arguments verify the finite dimensionality of H r (M t ,M >t ), hence the requirement (2) in Definition 2.3 for t a critical value. The requirement 3. is obvious in view of the compacity of M.
In case 2. the arguments are similar. Note that if t is a simplicial regular value for the lift f then f −1 (t) has a collar neighborhood inside the simplicial complexX in which case (X t ,X <t ) can be treated homologically as (M t ,M <t ) above. If t is a simplicial critical value, in view of the genericity, except for a finite set of points V t = {x 1 , · · · , x k } ⊂ f −1 (f ), f −1 (t) \ V t has a collar neighborhood insideX \ V t . With these observations the homological arguments in the smooth case can be repeated.
Topology
Configurations of points, collision topology, bottleneck topology
Consider a pair (Y, K), Y a locally compact space and K ⊂ Y a closed subset.
A configuration of points in Y is a map δ : Y → Z ≥0 with finite support. The total cardinality of the support is the non negative integer y∈Y δ(y). Denote by Conf (Y ) the set of all configurations of points in Y and by Conf N (Y ) the subset of configurations whose support have total cardinality N.
and for δ ∈ Conf (Y ), and K = ∅ write
On the set Conf N (Y ) consider the topology generated by the collections of neighborhoods
and refer to it as the collision topology. As a topological space Conf N (Y ) identifies to Y N /Σ N , the quotient of the N −fold cartesian product of Y by the group of permutations of N elements.
On the set Conf (Y \ K) consider the topology generated by the collections of neighborhoods
and refer to it as the bottleneck topology. Note that if K = ∅ the bottleneck topology and collision topology are the same.
In this paper we will consider only the case Y = R and
3.2 Some algebraic topology of a pair (X, ω)
Let κ be a field, X be a compact ANR, ω a TC1-form in the cohomology class ξ = [ω] of degree of irrationality k and Γ = Γ(ξ) ⊂ R the group defined by ξ. Note that if k ≥ 2 then Γ is dense in R. LetX → X be the associated principal Γ−covering with the free action µ : Γ ×X →X and f :X → R be a lift of ω. For any g ∈ Γ the homeomorphism µ(g, · · · ) :X →X induces the isomorphism g :
The map f provides two filtrations ofX indexed by t ∈ R, for t < t ′ < t ′′ ,
which induce in homology the filtrations
Clearly g (I t (r)) = I t+g (r) and g (I t (r)) = I t+g (r).
Note that:
1. The κ−vector space H r (X) is actually a f.g. κ[Γ]−module (since X is a compact ANR) actually a Noetherian module,.
2. I −∞ (r) := ∩ t∈R I t (r) and I ∞ (r) := ∩ t∈R I t (r) are κ[Γ]−submodules, 
T orH r (X) = I ∞ (r).
Proof: The κ[Γ]− module structure of H r (X) is given by
and then if x ∈ I t (r) resp. I t (r)then
with a g i ∈ κ, a g i = 0.
To check the inclusion T orH r (X) ⊂ I −∞ (r) in item 1. one starts with x ∈ T orH r (X) which has to belong by (3.) above to some I t (r). Suppose that
. BY repeating the argument x ∈ I t−n(g k −g k−1 ) (r) for any n, hence x ∈ I −∞ (r).
Similarly, to check the inclusion T orH r (X) ⊂ I ∞ (r), one starts with x ∈ I t (r), suppose that g 0 > g 1 > · · · > g k , a g i = 0 and derives x ∈ I t+(−g k +g k−1 ) (r), hence x ∈ I t+n(−g k +g k−1 ) (r) for any n, hence x ∈ I ∞ (r).
To check that I −∞ (r) ⊆ T orH r (X) and I ∞ (r) ⊆ T orH r (X) one uses the fact that H r (X) is a f.g. κ[Γ]−module. If x ∈ I −∞ (r) there exists an infinite collection of negative g ′ s in Γ, say · · · < g r < g r−1 < · · · < g 2 < g 1 , such that g r (x) ∈ I −∞ (r) and, in view of the fact that I −∞ (r) is f.g., a finite collection of elements
Hence one obtains x ∈ T orH r (X). By a similar argument one concludes that x ∈ I ∞ (r) implies x ∈ T orH r (X).
As an immediate consequence one has
Denote by i β α (r) : H r (X α ) → H r (X β ), α < β the inclusion induced linear map and for a ∈ R consider the diagram lim
where the direct and inverse limits are taken w.r. to i β α (r). Proof: Consider the isomorphism µ l (r) : H r (X a−l ) → H r (X a ) induced by the homeomorphism µ l : X a−l → X a and the inclusion induced linear map i a a−l (r) : This is our claimed α. In view of the commutative diagram below whose vertical arrows are isomorphisms
and of the description of v one obtains:
and lim − →k ′ →∞ H r (X a+kl ) = lim − →a<k→∞ H r (X t ) the statement follows.
Novikov-Betti numbers (a topological definition)
Recall that for f :X → R, a lift of ω a tame TC1-form, the vector space I t (r)/I <t (r) is zero when t is a regular value and of finite dimension when t is a critical value and the isomorphism g : H r (X) → H r (X) induces an isomorphism g t : I t (r)/I <t t(r) → I t+g (r)/I (t+g) (r).
Consider the κ−vector space
and note that this sum 1) involves only components corresponding to t critical values, hence at most countable many, 2) is a κ[Γ]− module whose multiplication by g is provided by the component-wise isomorphism i g t 3) is independent of the lift f up to an isomorphism since I Both numbers β N top,r (X; ω) and β N alg,r (X; ξ(ω)) whose equality is verified in section 5.2 are referred to as the Novikov-Betti numbers. In this section without any additional mention f : X → R will be a weakly tame map, i.e. the requirements 1, 2, 3 in Definition 2.3 are satisfied.
Recall from the previous section the notations:
Note that :
2. for a < b < c ≤ ∞ the obvious linear map
is an isomorphism, 
4. the sequence
is exact, as one can conclude from the commutative diagram (7) below
5. the short exact sequences (6) and (5)imply the isomorphism
The assignmentsδ
f r and δ f r .
Call box a subset B ⊂ R 2 of the form
for −∞ ≤ a ′ < a, b < b ′ ≤ ∞, and define
.
be the canonical projection 4 .
and the inclusion B ′′ ⊆ B induces the surjective linear map
For −∞ ≤ a ′′ < a ′ < a; b < b ′ < b ′′ ≤ ∞ one denotes by: 
B 12 Figure 1 and from the definitions above one derives the following 4 when implicit in the context, r will be dropped off the notation 1. The sequence
is commutative with all rows and columns exact sequences.
One denotes by π
B for the composition π / / F r (B(a, b; ǫ ′ )) , ǫ > ǫ ′ , and denote by
/ /δ r (a, b). Both compositions are surjective maps independent on ǫ.
One hasδ
with π a,b a,b the canonical projection.
Define
w.r. to the surjective maps π
the canonical surjective maps induced by passing to limit when ǫ → 0.
One has
3. Define
the canonical surjective map and by
the canonical surjective map induced by passing to limit when ǫ → 0.
4. Define
w.r. to the inclusions 5 
w.r. to the inclusion
Note also that :
In view of the above definitions Proposition 4.1 leads to the following proposition.
Proposition 4.2
is exact and for a ∈ R,
is exact. In both sequences i and π are the obviously induced linear maps.
(a) For any
and when a is a regular value dim
and when b is a regular value dimF r ((a, a] × b) = 0. For mnemonic reasons on summarizes the maps described above in the commutative diagram
is a right inverse of the canonical projection π
One writes i (a,b) (r) for the composition of i defined as follows.
-If (a, b) is the relevant corner or end then i K (a,b) (r) is the composition
is not relevant corner or end then: a) in the case 1., 2., 3. one defines i
with K ′ ⊂ K, the only upper-left box, resp. left subinterval, resp. right subinterval having (a, b) as the relevant corner resp.end. b) in the case 4, 5, 6, one defines i K a,b as the direct limit of i K ′ a,b over K ′ sets of the same type contained in K with the property that i K K ′ is injective. Choose a collection of splittings S := {i (a,b) (r) | (a, b) ∈ CR(f ) × CR(f ), r ∈ Z ≥0 }, and let A ⊆ CR(f ) × CR(f ) and K be a set as in cases in 1. 2, 3, 4, 6 above. Denote by
For any choice of S the following holds:
1. The maps S I(r) and S I K A∩K (r) are injective.
If
Proof: Item 1.: It suffices to verify the statement for A a finite set. This is done by induction on cardinality of A as follows. When ♯A = 1 this follows from the fact that i r (α, β) is a splitting. When
In view of the definition of S I ··· ··· the following diagram is commutative.
Since both raws are short exact sequence with the left and the right vertical arrows injective the mid vertical arrow is injective too. Item 2.: In view of the weakly tame property of f, if a / ∈ CR(f ) then F r (a × R) = 0. If a ∈ CR(f ) then F r (a× R) = I a (r)/I <a (r) in view of (13) and by Proposition 4.2 item 2. is of finite dimension. Denote by S(a, b) = I a ∩ I b /I <a ∩ I b and observe that
The finite dimensionality of F(a × R) implies the existence of a finite collection of critical values
By item 1. one has t∈R dimδ r (a, t) ≤ dim F(a × R). These inequalities imply S I K A∩K (r) isomorphism and
and by Proposition 4.2 item 2 of finite dimension. Denote by U(a, b) = I a ∩ I b /I a ∩ I >b and observe that
for a ′ > a. The finite dimensionality of F(R × b) implies the existence of a finite collection of critical values
As a consequence of Proposition 4.4 for any a ∈ R the set supp δ f r ∩ (a × R) is finite and of " total multiplicity" dim I a (r)/I <a (r) =
hence equal to zero when a is a regular value. Similarly, for any b ∈ R the set supp δ
hence equal to zero when b is a regular value.
The assignmentsγ
f r and γ f r . Call box above diagonal, abbreviated ad-box a subset B ⊂ R 2 + = {(x, y) | x < y} of the form
Suppose that B 1 , B 2 , B are three ad-boxes with B 1 ⊔ B 2 = B in either one of the two relative positions: B 1 the left side ad-box and B 2 the right side ad-box (for example in Figure 2 below 
with the inverse limit taken w.r. to the surjective map
For −∞ ≤ a ′′ ≤ a ′ < a; b ′′ ≤ b ′ < b one considers the ad-boxes 
one derives that T r (a, b)/iT r (< a, b)) → H r (X a )/iH r (X < a) is injective. Since in the sequence T r (a, b)/(i(T r (< a, b)) + T r (a, b ′ )) T r (a, b)/i(T r (< a, b)) o o / / H r (X a )/iH r (X < a) / / H r (X a , X <a ) the right to left arrow is surjective and the left to right arrows are injective, in view of the finite dimensionality of H r (X a , X <a ) the statement follows. To check part b) one considers the commutative diagram (24) with all rows and columns exact 0 0
and one derives the surjectivity of H r+1 (X b , X a )/iH r+1 (X <b , X a ) → T r (a, b)/i(T r (a, < b). From the long exact sequence of the triple (X a ⊂ X <b ⊂ X b ) one derives the injectivity of H r+1 (X b , X a )/iH r+1 (X <b , X a ) → H r+1 (X b , X <b ). In view of the finite dimensionality of H r+1 (X b , X <b ) the diagram
